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The chromo-polarizability of a quarkonium state is a measure of the amplitude of the E1-E1
chromo-electric interaction of the quarkonium with soft gluon fields and can be measured in the
heavy quarkonium decays. Based on the chiral unitary approach, formulas with modification caused
by the S wave pipi final state interaction (FSI) for measuring the chromo-polarizabilities are given. It
is shown that the effect of the S wave pipi FSI is very important in extracting chromo-polarizabilities
from the experimental data. The resultant values with the FSI are reduced to about 1/3 of those
determined without the FSI. The consequences of the FSI correction in the J/ψ-nucleon scattering
near the threshold are also discussed. The estimated lower bound of the total cross section is reduced
from about 17 mb to 2.9 mb, which agrees with the experimental data point and is compatible with
the previously estimated values in the literature. In order to understand the interaction of heavy
quarkonia with light hadrons at low energies better and to obtain the chromo-polarizabilities of
quarkonia accurately, more data should be accumulated. This can be done in the J/ψ → pi+pi−l+l−
decay at BES-III and CLEO-c and in the Υ→ pi+pi−l+l− decay at B factories.
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It was proposed that the suppression of the J/ψ pro-
duction could be regarded as a signature for the forma-
tion of a quark-gluon plasma (QGP) due to the color
screening [1]. The interaction of J/ψ with light hadrons is
very important in studying the J/ψ suppression in heavy
ion collision and in obtaining an unambiguous signal of
the QGP [2]. Many studies on this subject have been
done by using various methods and broad ranges of the-
oretical predictions have been resulted, for a review, see
Ref. [2].
Recently, Sibirtsev and Voloshin studied [3] the inter-
action of J/ψ and ψ′ with nucleons at low energies near
threshold by employing the multipole expansion method
[4, 5] and low-energy theorems in QCD [6]. They ar-
gued that the total cross section of the J/ψ-nucleon
elastic scattering at the threshold is very likely to be
larger than 17 mb which is significantly larger than the
previously estimated values in the literature. Their re-
sult supports the existence of possible bound light J/ψ-
nucleus states. Comparing with the experimental value of
σJ/ψN = 3.8±0.8±0.5 mb at
√
s ≈ 5.7 GeV [7], the large
cross section value given in Ref. [3] suggested a notice-
able rise towards the threshold. It should be mentioned
that such a result is based on the chromo-polarizability
αJ/ψ which appears in describing the interaction of J/ψ
with soft gluons. However, this value is unknown so far.
Although a value of 2 GeV−3 of |αψ′J/ψ| was used as a
reference, it was argued that the actual value could be
somewhat larger. The value of |αψ′J/ψ| was estimated by
Voloshin via the ψ′ → J/ψπ+π− decay process by using
the QCD multipole expansion method [8].
The low energy interaction of a heavy quarkonium with
a light hadron is mediated by soft gluons. The heavy
quarkonium has a small size comparing with the wave-
lengths of gluons, so that one can use a multipole expan-
sion to study the heavy quarkonium interaction with a
soft gluon [4, 5]. The leading E1 chromo-electric dipole
term in the expansion is simply HE1 = − 12ξa~r · ~Ea(0)
[4, 5], where ξa is the difference between the color gen-
erators acting on the quark and anti-quark, respectively,
and can be expressed as ξa = ta1 − ta2 with tai = λai /2 and
λai being Gell-Mann matrices. ~r is the coordinate of the
relative position between the quark and anti-quark. The
QCD coupling constant g is included in the definition of
the normalized gluon field. Using the notations in Ref.
[3], the lowest order amplitude of the transition between
two 3S1 heavy quarkonium states A and B with an emit-
ted gluon system which possesses the quantum numbers
of the dipion is in the second order of HE1
〈B|Heff |A〉 = −1
2
αAB ~E
a · ~Ea, (1)
where the nonrelativistic normalization is used for the
quarkonium states. αAB is the chromo-polarizability
which is a measure of the amplitude of the E1-E1
chromo-electric interaction of the quarkonium with soft
gluon fields and is related to the Green’s function GA for
a heavy quark pair in the color-octet state.
The amplitude for the π+π− transition between A and
B can be written as
TAB = 2
√
MAMBαAB〈π+π−|1
2
~Ea · ~Ea|0〉, (2)
2where the factor 2
√
MAMB appears due to the relativis-
tic normalization of the decay amplitude TAB. It was
pointed out that the dominant part of the two-pion pro-
duction amplitude by the gluonic operator ~Ea · ~Ea can
be determined by the trace anomaly and chiral algebra
[6]
〈π+π−| ~Ea · ~Ea|0〉 = 8π
2
b
q2 +O(αsq
2
0) +O(m
2
pi)
≈ 8π
2
b
(q2 − C), (3)
where q is the total four-momentum of the produced di-
pion system, q0 is the total energy of the system, b = 9 is
the first coefficient in the QCD β function with three light
flavors, and C is a constant to evaluate approximately the
contributions of sub-leading terms [8, 11] which vary rel-
atively slow with q2 in the physical region of the pionic
transitions [12]. Theoretically, the chromo-polarizability
is, at least, highly model-dependent [8] in the present
stage. Therefore, it would be nice if the values of αAB
could be extracted from experimental data. Voloshin per-
formed such an analysis [8] and gave the estimations of
|αψ′J/ψ| ≈ 2.0 GeV−3 and |αΥ′Υ| ≈ 0.66 GeV−3. In the
same reference, it was also suggested that the chromo-
polarizabilities of J/ψ and Υ can directly be measured
in the decays J/ψ → π+π−l+l− and Υ → π+π−l+l−
with soft pions. Based on an approximation that the
intermediate state to the lepton pairs is the 13S1 quarko-
nium state itself, the diagonal polarizabilities (i.e. αAA,
written as αA for simplicity) of J/ψ and Υ can be written
as [8]
dΓ(13S1 → π+π−l+l−) = (q
2 − C)2
4b2q20
|α1S |2
√
1− 4m
2
pi
q2
×
√
q20 − q2Γee(13S1)dq2dq0,
(4)
where Γee(1
3S1) ≡ Γ(13S1 → l+l−) is the leptonic width
of the 13S1 state.
On the other hand, the S wave ππ FSI plays an im-
portant role in the heavy quarkonium π+π− transitions
[9, 10]. This FSI would modify the π+π− production am-
plitude and consequently would change the determined
chromo-polarizabilities. There are various ways to ac-
count for the S wave ππ FSI. One of the efficient methods
is the coupled-channel chiral unitary approach (ChUA)
[13].
By employing such an approach, the S wave ππ phase
shift data can be well described with one parameter, a
3-momentum cut-off qmax = 1.03 GeV, only, and the low-
lying scalar mesons (σ, f0(980), a0(980) and κ) with rea-
sonable masses and widths can dynamically be generated
[13, 14]. For the S wave isoscalar channel, the ππ and
KK¯ channels are taken into account (for detailed infor-
mation, refer to Ref. [13]). The normalizations used are
〈π+π−|π+π−〉 = 〈π−π+|π−π+〉 = 〈π0π0|π0π0〉 = 2 and
|ππ〉I=0 = (|π+π− + π−π+ + π0π0〉)/√6. Thus the full
amplitude of the process π+π−+ π−π+ + π0π0 → π+π−
can be expressed as
〈π+π−|T |π+π− + π−π+ + π0π0〉 = 2T I=0pipi,pipi, (5)
where T I=0pipi,pipi is the full S wave ππ → ππ coupled-channel
amplitude for I = 0. Note that the KK¯ channel appears
in the intermediate states [13].
By considering the S wave ππ FSI by ChUA [10, 15,
16], the decay amplitude of the A → Bπ+π− process is
modified to
TAB =
8π2
b
√
MAMBαAB(q
2−C)(1+2Gpi(q2)T I=0pipi,pipi(q2)),
(6)
where Gpi(q
2) is the two-pion loop integral
Gpi(q
2) = i
∫
d4q
(2π)4
1
q2 −m2pi + iε
1
(p′ − p− q)2 −m2pi + iε
,
(7)
where p′ and p represent the momenta of the initial and
the final quarkonium states, respectively. The loop inte-
gration can be calculated with the same cut-off momen-
tum, qmax = 1.03 GeV, as the one used in describing the
S wave ππ scattering data [13]. In this way, the consis-
tency between the used ππ FSI and the ππ scattering is
guaranteed. Note that the direct ππ production ampli-
tude in Eq. (3) is independent of the momentum carried
by one of the produced pion, i.e. the integrated loop
momentum, hence can be factorized out from the loop
integral. According to Refs. [13, 17, 18], the amplitude
T I=0pipi,pipi in Eq. (6) can be factorized out from the loop
integral.
Now, in terms of Eq. (6), one can easily work out the
differential width for the A→ Bπ+π− decay
dΓ(A→ Bπ+π−) = 2πMB
b2MA
|αAB|2(q2 − C)2|1 + 2Gpi(q2)T I=0pipi,pipi(q2)|2
√
q2
4
−m2piqBdmpipi, (8)
where the polarizations of particle A are averaged, and the polarizations of particle B are summed, and qB is the
3magnitude of the 3-momentum of the B state in the rest
frame of particle A
qB =
1
2MA
√
(M2A − (mpipi +MB)2)(M2A − (mpipi −MB)2).
(9)
To demonstrate the effect of the ππ FSI on the differential
width, we plot the factor |1 + 2Gpi(q2)T I=0pipi,pipi(q2)| versus
the invariant mass of π+π−, mpipi =
√
q2, in Fig. 1.
From the figure, one sees that around mpipi = 0.48 GeV,
this factor could be enhanced up to 2.8 from unity by the
FSI.
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FIG. 1: |1+2Gpi(q
2)T I=0pipi,pipi(q
2)| as a function of the invariant
mass of pi+pi−.
In order to determine the transition chromo-
polarizabilities αψ′J/ψ and αΥ′Υ, we fit the theoretical
results to the experimental π+π− invariant mass spec-
tra from the BES ψ′ → J/ψπ+π− decay data [19] and
the CLEO Υ′ → Υπ+π− decay data [20], and the corre-
sponding decay widths Γ(ψ′ → J/ψπ+π−) = 715.8 keV
and Γ(Υ′ → Υπ+π−) = 8.08 keV [21] by adjusting C
and αAB in Eq. (8) as free parameters. The fitted π
+π−
invariant spectra for ψ′ → J/ψπ+π− and Υ′ → Υπ+π−
decays are plotted in Fig. 2 and Fig. 3, respectively. In
these figures, the solid and dashed curves represent the
results with and without the S wave ππ FSI, respectively.
The resultant parameters through the best fitting are
listed in Table I. It is shown that the S wave ππ FSI pro-
vides rather large modifications to the values of |αψ′J/ψ|
and |αΥ′Υ|. The resultant values with the ππ FSI are
almost 1/3 of the those without the ππ FSI. It should
be emphasized that such a modification is meaningful,
because no more free parameters are adopted when the
ππ FSI is included. It should also be mentioned that the
parameter values obtained in the without FSI case are
slightly different with those given by Voloshin, because
some approximations was made in the width formula in
Ref. [8].
In the same way, Eq. (4) for determining diagonal
polarizability α1S should also be modified by multiplying
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FIG. 2: The pi+pi− invariant mass spectrum for the ψ′ →
J/ψpi+pi− decay. The solid and dashed curves are calculated
in the with pipi FSI and without pipi FSI cases, respectively.
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FIG. 3: The pi+pi− invariant mass spectrum for the decay
Υ′ → Υpi+pi−. The solid and dashed curves are calculated in
the with pipi FSI and without pipi FSI cases, respectively.
the FSI factor |1 + 2Gpi(q2)T I=0pipi,pipi(q2)|2, namely,
TABLE I: Parameters used in the heavy quarkonium pi+pi−
transitions with and without the pipi FSI.
Without pipi FSI With pipi FSI
|αψ′J/ψ| (GeV
−3) 2.24 ± 0.02 0.83 ± 0.01
|αΥ′Υ| (GeV
−3) 0.70 ± 0.01 0.24 ± 0.01
Cψ′→J/ψpi+pi− (m
2
pi) 4.27 ± 0.07 4.25 ± 0.09
CΥ′→Υpi+pi− (m
2
pi) 3.45 ± 0.15 2.86 ± 0.21
4dΓ(13S1 → π+π−l+l−) = (q
2 − C)2
4b2q20
|1 + 2Gpi(q2)T I=0pipi,pipi(q2)|2|α1S |2
√
1− 4m
2
pi
q2
√
q20 − q2Γee(13S1)dq2dq0. (10)
It was shown [8] that by restricting the maximal value of
q0 (or a lower cut-off on the invariant mass of the lepton
pair) to about 0.9 GeV, the higher intermediate state
effect comes from the 2S state only and can be evaluated
through the experimental data analysis by using Eq.(13)
in Ref. [8] without additional parameters (except for an
overall phase).
Now we are able to investigate the effects of the ππ
FSI corrected |αψ′J/ψ| on the scattering quantities in
the J/ψ-nucleon scattering. The J/ψ-nucleon total cross
section was measured as σJ/ψN = 3.8 ± 0.8 ± 0.5 mb
at
√
s ≈ 5.7 GeV [7]. There are also some theoreti-
cal calculations (see review of this subject in Ref. [23]).
For instance, Brodsky and Miller demonstrated the fact
that the two-gluons exchange in the scalar channel dom-
inates the elastic J/ψ-nucleon scattering and obtained
σJ/ψN ≈ 7 mb at threshold [24]. Based on the opera-
tor product expansion and the trace anomaly, Teramond
et al. found that the total cross section at threshold
is about 5 mb [25]. In general, the range of predicted
elastic J/ψ + N → J/ψ + N cross section at pJ/ψ ≈ 0
GeV is 1.25 ∼ 5 mb [23]. Recently, in terms of the mul-
tipole expansion and the low energy theorem, Sibirtsev
and Voloshin showed the lower bound of the total cross
section at the threshold is about 17 mb [3].
It is known that the amplitude of the J/ψ-nucleon
scattering at low energies is proportional to the chromo-
polarizability of J/ψ, αJ/ψ [3],
TJ/ψN =
16π2
9
(1 +D)αJ/ψMJ/ψm
2
N , (11)
where D > 1 is a constant. Consequently, the scatter-
ing length and the total cross section are proportional to
αJ/ψ and α
2
J/ψ, respectively. The in-medium mass shift
of J/ψ is equal to the real part of the potential [3, 22],
and hence is also proportional to αJ/ψ. We present the
estimated values of the scattering length aJ/ψ, the cross
section near the threshold σJ/ψN and the J/ψ mass shift
∆MJ/ψ in Table II. In the calculation, αJ/ψ = 0.83
GeV−3 in the with S wave ππ FSI case and αJ/ψ = 2
GeV−3 in the without S wave ππ FSI case [3], respec-
tively .
It should be noted that similar to those in Ref. [3], all
of the estimated results in Table II are just the lower
bounds, because the lower bound values of αJ/ψ and
D are used. Thus, the estimated cross section of J/ψ-
nucleon scattering near threshold in Ref. [3] is reduced
from & 17 mb to & 2.9 mb. Unlike that in Ref. [3], this
lower bound value agrees with the experimental value of
TABLE II: Scattering length, cross sections and J/ψ mass
shift (αJ/ψ = 0.83 GeV
−3 in the with S wave pipi FSI case
and αJ/ψ = 2 GeV
−3 in the without S wave pipi FSI case [3]).
Without pipi FSI [3] With pipi FSI
aJ/ψ (fm) 0.37 0.15
σJ/ψN (mb) 17 2.9
−∆MJ/ψ (MeV) 21 8.7
σJ/ψN = 3.8±0.8±0.5 mb at
√
s ≈ 5.7 GeV [7] and com-
patible with the theoretical results in Refs. [23, 24, 25].
In conclusion, the effect of the S wave ππ FSI on de-
termining the chromo-polarizability is studied. The FSI
corrected formula for analyzing J/ψ and Υ π+π− transi-
tion data to get the chromo-polarizabilities of J/ψ and Υ
is given. It is found that the effect of the ππ FSI is quite
sizeable, so that the values of chromo-polarizabilities
|αψ′J/ψ| and |αΥ′Υ| can be reduced to about 1/3 of those
in the without ππ FSI case. As a consequence, the scat-
tering length and the in-medium mass shift of J/ψ are
reduced to about 5/12 of the values given in Ref. [3]
where |αψ′J/ψ| = 2 GeV−3 was employed [8], and the
estimated lower bound of the total cross section is re-
duced from 17 mb [3] to 2.9 mb. We suggest that in
terms of Eq. (10), αJ/ψ should be further measured
in the J/ψ → π+π−l+l− decay at CLEO-c and future
BES-III, and |αΥ′Υ| should be further investigated in
the Υ → π+π−l+l− decay in B factories. The precisely
measured values would be very important in studying
the scattering of J/ψ (Υ) with light hadrons, and hence
in understanding the J/ψ suppression in heavy-ion colli-
sions.
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